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$\triangle u=0$ in $\Omega(u>0).\cdot \mathrm{d}\mathrm{e}\mathrm{f}=\{x\in\Omega : u(x)>0\}$
$u=0,$ $|Du|=1$ on $\partial\Omega(u>0).\cdot \mathrm{d}\mathrm{e}\mathrm{f}=\Omega$ [\Omega (u $>0)$ ]
, \Omega (u $>0$) , $(n-1)$
. , [1] ,
, : $\Omega$ $\mathrm{R}^{n}(n\geqq 2)$
. $\phi_{0}\in W^{1,2}(\Omega)$
, $0 \leqq\phi_{0}\leqq\sup_{\Omega}\phi_{0}<+\infty$ in $\Omega$ . , :
$\{_{\mathrm{a}mong\mathrm{a}ll}^{{\rm Min} imize}the\mathrm{f}\mathrm{u}nction\mathrm{a}l\int\Omega(|Du|^{2}+\chi_{u>0})d\mathcal{L}^{n}f\mathrm{u}n\mathrm{c}tionsu\in W^{1,2}(\Omega)\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}u=\phi_{0}\mathrm{o}\mathrm{n}$
OC
, $\chi_{u>0}$ , $u(x)>0$ $x$ 1, 0
.
, – - ,










$\ovalbox{\tt\small REJECT}$ , $\chi\ovalbox{\tt\small REJECT} 0(x)\ovalbox{\tt\small REJECT}\chi\circ u(x)$ ,
. , $\chi\ovalbox{\tt\small REJECT} \mathrm{R}arrow \mathrm{R}$ , $\chi\ovalbox{\tt\small REJECT} 0\ovalbox{\tt\small REJECT} t\ovalbox{\tt\small REJECT} 0;\ovalbox{\tt\small REJECT} 1$ ff $t>0$ .
$\circ$ . . . $\chi$ , , $L^{\infty}(\Omega)$
$\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{l}\mathrm{y}*$ , .
$\circ$ E . . . $\chi=\chi(t)$ 1 $t=0$ , $\max(u, 0)$
$\min(u, \sup_{\Omega}\phi_{0})$ , ,
$0 \leqq u\leqq\sup_{\Omega}\phi_{0}$ in $\Omega$ .
$\circ$ . . . $\chi$ . , $B_{2^{-}}$
,
.
$\circ$ . . . $\chi$ . ,
1 , $\triangle u\geqq \mathrm{O}$ in $\Omega$ . , $u$ $\Omega$
1) . , \Omega (u $>0$ ).
$\vee C^{\backslash }\backslash$ , $\zeta\in C_{c}^{1}(\Omega)\mapsto-\int_{\Omega}DuD\zeta d\mathcal{L}^{n}$ , $\triangle u$







$\text{ }$ * $\gamma \mathit{2}$ , $\zeta\in C_{c}^{1}(\Omega)\mapsto-\int_{\Omega}DuD\zeta d\mathcal{L}^{n}$
. , , $\Omega$
$\Gamma_{u}$ , :
$\int_{\Omega}\varphi d\Gamma_{u}=-\int_{\Omega}DuD\varphi d\mathcal{L}^{n}$ for any $\varphi\in C_{c}^{1}(\Omega)$
, , $\Omega$
. , , ,
, , $u$ .
, $\Gamma_{u}$ $|.\mathrm{A}\mathrm{D}^{\cdot}$ , . ,
, , , . ,
, $\Gamma_{u}$
: , $B_{\rho}(0)\subset.\Omega$ . $\varphi$ , $B_{\rho-\delta}.(0)$
1 , , $\delta\downarrow 0$ ,
24
$\int_{B_{\rho}(0)}d\Gamma_{u}=\int_{\partial B_{\rho}(0)(u>0)}\langle Du,$ $\frac{x}{|x|}\rangle d\mathcal{H}^{n-1}$
$= \int_{B_{\rho}(0)(u>0)}\triangle ud\mathcal{L}^{n}+\int_{\partial B_{\rho}(0)(u>0)}\langle Du, -\nu\rangle d\mathcal{H}^{n-1}$ (Gauss-Green )
, $\Omega(u>0)$ , $\triangle u--\mathrm{O}$ , 1 { .
, 2 ,






: $x_{0}\in\partial\Omega(u>0)$ $\Rightarrow$ $+_{\partial B_{\rho}(x_{\mathrm{O}})}ud\mathcal{L}^{n}\geqq\exists c\rho$




$\lim_{\delta\downarrow 0}\int_{\partial\Omega(u>\delta)}(1-|Du|^{2})\langle\eta, \nu_{\delta}\rangle d\mathcal{H}^{n-1}=0$ for any $\eta\in C_{c}^{\infty}(\Omega,\mathrm{R}^{n})$
. , , $u$
, 1 . , $1$ , $\rho$
1 .
,
, : , 0 $\in\partial\Omega(u>0)$ .







B-n. : $B_{\rho}(x_{0})$ \Omega (u $>0$ ) $\neq\emptyset$ $\Rightarrow$ $\neq_{\partial B_{\rho}(x_{\mathrm{O}})}ud\mathcal{L}^{n}\leqq\exists C\rho$
25
. , $B_{\rho}=B_{\rho}(0)$ $u$ $v$
, $\int_{B_{\rho}}|Du|^{2}-\int_{B_{\rho}}|Dv|^{2}$ ( , $v$
) $\mathcal{L}^{n}(B_{\rho}(u=0))$ .
, (1) $(u-v)$ :
$\circ(v-u)$ : , $u$ , $u(0)=0$
,
$(v-u)(x) \leqq\sup_{B_{\rho}}v\leqq\sup_{\partial B_{\rho}}u\leqq C\rho$ for $x\in B_{\rho}$
$\circ(v-u)$ : ,
, $\xi\in B_{\theta\rho}(x_{0})$
$v( \xi)=\frac{\rho^{2}-|\xi|^{2}}{n\omega_{n}\rho}\int_{\partial B_{\rho}}\frac{u(\tau)}{|\xi-\tau|^{n}}$d $n-1(\tau)\geqq(1-$ $|\xi\rho)$ $\neq_{\partial B_{\rho}}udH^{n-1}$
, $u$ ,
$(v-u)(\xi)\geqq(1-\cup\xi\rho)\neq_{\partial B_{\rho}}udH^{n-1}-C\theta\rho$
$\geqq$ $\neq_{\partial B_{\rho}}u\mathrm{f}\mathrm{f}\mathrm{l}^{n-1}-C’\theta\rho\geqq c’\rho-C’\theta\rho$
$\theta$ , $(v-u)$ $\rho^{1}$ .
, (1)
$c \rho^{n-1}\leqq\int_{B_{\rho}(x_{\mathrm{O}})}d\Gamma_{u}$ for any $x_{0}\in\partial\Omega(u>0)$ (2)
. , (2) , .
, ,




. ( \Omega (u $>0)$ ) $<$
. , , “ ” .





$u$ , $\partial\Omega(u>0)$ $H^{n-1}$
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. , ,
$(n-1)$ $H^{n-1}$ , ,
, $(n-1)$
.








: $a^{ij}\in C^{\infty}(\mathrm{R})$ with $a^{ij}=a^{ji}$ in $\mathrm{R}$ ,
. , , : $0\leqq\dot{a}^{ij}(t)\xi_{i}\xi_{j}\forall t\in$
$\mathrm{R},\forall\xi\in \mathrm{R}^{n}$ . , :
(P) $\{_{\mathrm{a}mong\mathrm{a}ll}Mini\mathrm{m}i\mathrm{z}etheu\in f\mathrm{u}nction\mathrm{a}ll\int_{\mathrm{W}\mathrm{i}\mathrm{t}\mathrm{h}}\Omega(a^{ij}(u)D_{i}uD_{j}u+\chi_{u>0})dxW^{1,2}(\Omega)u=\phi_{0}\mathrm{o}\mathrm{n}\partial\Omega$
.
: (P) 1 .
2 , ([8]).
, 2 , [7], [8]
, , $\text{ },$ $[1]$
. , ,
. , [1] , 2
, 3 . ,
, , [1]
. , 2
$\dot{a}^{ij}(u)D_{i}uD_{j}u$ , , ,




. $\chi_{1}$ : $\mathrm{R}arrow \mathrm{R}$ $\chi_{1}(t)=\mathrm{O}$ if $t\leqq 0;=1$ if $t\geqq 1$ ,
$0\leqq\chi_{1}\leqq 1$ in $\mathrm{R}$ $C^{1}$- , $\epsilon$ $\chi_{\epsilon}(t)=\chi_{1}(\frac{t}{\epsilon})(t\in \mathrm{R})$
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. $\mathcal{K}$ { $u arrow W^{1,2}(\Omega)\ovalbox{\tt\small REJECT} 0\ovalbox{\tt\small REJECT} u\ovalbox{\tt\small REJECT}\sup\phi_{0},u\ovalbox{\tt\small REJECT}\phi_{\ovalbox{\tt\small REJECT}}$ on $\partial\Omega$ } , $L^{2}(\Omega)$ , $+\otimes$
$\ovalbox{\tt\small REJECT}$
$J(u)= \{\int_{+}\Omega(\infty$
$a^{ij}(u)D_{i}uD_{j}u+\chi(u))$ if $u\in \mathcal{K}$
otherwise in $L^{2}(\Omega)$
$J_{\epsilon}(u)= \{\int_{+}\Omega(\infty$





$J_{\epsilon}arrow J$ in the snese of $\Gamma(L^{2}(\Omega))$ as $\epsilon\downarrow 0$
, $\Gamma(L^{2}$ (\Omega ) $)$ - $\mathrm{I},\mathrm{I}\mathrm{I}$ . :
$\{_{\mathrm{I}\mathrm{I}.\forall v\in L^{2}(\Omega),\exists(v_{\epsilon})\subset L^{2}(\Omega)\{}^{\mathrm{I}.\forall v_{\epsilon}arrow v\mathrm{i}\mathrm{n}L^{2}(\Omega),J(v)\leqq\varliminf_{\epsilonarrow 0}J_{\epsilon}(v}\mathrm{s}.\mathrm{t}$
.
$\epsilon)$
$\frac{v_{\epsilon}}{\epsilonarrow 01\dot{\mathrm{m}}}arrow v\mathrm{i}\mathrm{n}L^{2}(\Omega)J_{\epsilon}(v_{\epsilon})\leqq J(v)$
1R ([9] ) , ,
:
[ ] $u_{\epsilon}$ $\psi\backslash$ $J_{\epsilon}$ . ,
$u_{\epsilon}$ $\epsilon\downarrow 0$ $L^{2}(\Omega)-J$
$\vee C$ , L2(\Omega )- $u$ , $u$ ,
$J$ .
6. , $u_{\epsilon}arrow u$ in $L^{2}(\Omega)$ , $v\in L^{2}(\Omega)$
. r- , $\varlimsup_{\epsilonarrow 0}J_{\epsilon}(v_{\epsilon})\leqq J(v)$ $\forall v\in L^{2}(\Omega)$ $\text{ }$ , $v$ $L^{2}(\Omega)- i$ \Delta
-r L2(\Omega )- $(v_{\epsilon})$ \hslash ‘. . $u_{\epsilon}$ , $J_{\epsilon}(u_{\epsilon})\leqq J_{\epsilon}(v_{\epsilon})$
$\vee\supset$ , F-1R I $[]^{arrow^{\backslash }}.\mathrm{f}\mathrm{f}$ , $\epsilonarrow 0$ , $J(u)\leqq J(v)$ for
any $v\in L^{2}(\Omega)$ , .
, , ,









$1^{\mathrm{O}}$ . &( , Section 1
. , { , .$|*$
$\ovalbox{\tt\small REJECT}$ <‘‘ , $J$
, $(u_{\epsilon})$ , .
$2^{\mathrm{O}}$
$\grave{j}\mathrm{h}$ . , $J_{\epsilon}$
$/\mathrm{J}\backslash$ { $7\ovalbox{\tt\small REJECT} \text{ }$ $u_{\epsilon}$ {
, $\text{ }1$ , .
$\overline{7}$








$arrow \mathrm{C}$ [2], [6] . , , 11\ \Re \searrow ‘‘’
6 , %7\hslash \leq 4)
. , [5], [3] , (
$\mathrm{t}_{\mathrm{L}}^{\mathrm{g}}$ $\Re \text{ }$
$\text{ }$
$\llcorner\backslash \uparrow’\backslash$ $l\check{\supset}$ $\vee C$ . , $\vee C^{\backslash }\backslash \text{ }$
$[searrow]\backslash ^{\backslash }$ , { , $\text{ }$’
$\text{ }$ . ,
$\text{ }\triangleright\backslash$
$\mathrm{B}$) , $\mathrm{t}$]
, [4] . , 9
, [4] .
, $(\star)$
$\llcorner^{\backslash }\backslash \uparrow$’ : $\text{ }$ $\equiv\vec{\mathrm{p}}$ {ffi { ,
$p$ . , :
[Step 1] - , $\text{ }$ $’$
$\backslash$ ( $\text{ }$ )
, $B_{2}$- ( [ .
, $\chi_{\in}$ , $0\leqq\chi_{\epsilon}\leqq 1$ in
$\mathrm{R}$ ( , $w=\pm u$





. , $\gamma$ \leq
$\epsilon$ { $\mathrm{f}\mathrm{f}\mathrm{l}_{\backslash \backslash }’$.
$[]_{arrow}^{\mathrm{R}}$ . , $\epsilon$ $|_{\sqrt}$ ) $J\backslash$ S
.
[Step 2] $\Omega$ $A=\Omega(0\leqq u\leqq\epsilon)$
$B=\Omega(u>\epsilon)$ {
, .
A : , $0\in A$ , $|Du(0)|$ . ,
$0\leqq u(0).\overline{\leqq\epsilon T^{\backslash }\vee \text{ }\backslash }$ . $u$ $\epsilon$ $\iota\mathrm{r}$ .
$\partial\supset$
. , $u_{\epsilon}(x)= \frac{1}{\epsilon}u(\epsilon x)$ for $x\in B_{1}(0)$ . , ui \leq {
: $\Omega_{\epsilon}.\cdot \mathrm{d}\mathrm{e}\mathrm{f}=\{x\in \mathrm{R}^{n} : \epsilon x\in\Omega\}$ . $\zeta\in C_{c}^{1}(\Omega_{\epsilon})$ { ,
$\int_{\Omega_{\epsilon}}(a^{ij}(\epsilon u_{\epsilon})D_{i}u_{\epsilon}D_{j}\zeta+\frac{\epsilon}{2}\dot{a}^{ij}(\epsilon u_{\epsilon})D_{i}u_{\epsilon}D_{j}u_{\epsilon}\zeta)d\mathcal{L}^{n}=-\int_{\Omega_{\epsilon}}\frac{\epsilon}{2}\chi_{\epsilon}’(\epsilon u_{\epsilon})\zeta d\mathcal{L}^{n}$
29
, $||Du,||_{\sim,B(0)}\mathrm{i}$ $\ovalbox{\tt\small REJECT},||_{\sim},\mathrm{f}11^{(0)}$
, $u$ \sim ,B
$i$
(0) . , $\epsilon$
$\ovalbox{\tt\small REJECT}$
$||u_{\epsilon}||_{\infty,B(0)}\#\leqq c_{B}\dot{\mathrm{m}}\mathrm{f}u_{\epsilon}+||\epsilon\chi_{\epsilon}’(\epsilon u_{\epsilon})||_{\infty,B_{1}(0)}3^{(0)}$ (3)
, [Step 1] , $\epsilon$ 2
. (3) 1 , $0\leqq u_{\epsilon}(0)\leqq 1$
, , 2 , $\chi_{\epsilon}’(t)=\frac{1}{\epsilon}\chi_{1}(\frac{t}{\epsilon})$ ,
$\epsilon$ . , .
$\mathrm{B}$ : , $\mathrm{O}\in B$ . $\rho:=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}$ $(0, A)>0$ , $v=u-\epsilon$
. , $\rho$ . , $v_{\rho}(x)= \frac{1}{\rho}v(\rho x)>0$ in $B_{1}(0)$
. , $v_{\rho}$ , : $\Omega_{\rho}.\cdot \mathrm{d}\mathrm{e}\mathrm{f}=\{x\in \mathrm{R}^{n} : \rho x\in\Omega\}$
, $\zeta\in C_{c}^{1}(\Omega_{\rho})$ ,
$\int_{\Omega_{\rho}}$ (a $( \rho v_{\rho}+\epsilon)D_{i}v_{\rho}D_{j}\zeta+\frac{\rho}{2}\dot{a}^{ij}(\rho v_{\rho}+\epsilon)D_{i}v_{\rho}D_{j}v_{\rho}\zeta$ ) $d\mathcal{L}^{n}=0$
. , $\rho v_{\rho}+\epsilon>\epsilon$ in $B_{1}(0)$ , $\chi_{\epsilon}’(\rho v_{\rho}+\epsilon)=0$,
, .






, $\xi=0$ , $\underline{v}0\mathrm{u}$ .
2 $\wedge^{\theta}\rho$ $\dot{a}^{ij}\geqq 0$ ,
$a^{ij}( \rho v_{\rho}+\epsilon)D_{ij}v_{\rho}=-\frac{\rho}{2}\dot{a}^{j}.\cdot(u)D_{i}v_{\rho}D_{j}v_{\rho}\leqq 0$ in $B_{1}(0)$ (4)
. $\rho$ A , ,
,
$v_{\rho}(0)\leqq$ $\sup v_{\rho}\leqq C_{1}$ bnf $v_{\rho}$ (5)
$B_{\int}(0)$ $B_{\int}(0)$
, : $\varphi(x)=C_{2}v_{\rho}(0)[e^{-\mu|x|^{2}}-e^{-\mu}]$ , $\mu$ ,
(4) $a^{ij}(\rho v_{\rho}+\epsilon)D_{ij}\varphi\geqq a^{ij}(\rho v_{\rho}+\epsilon)D_{ij}\varphi v_{\rho}$ . , $C_{2}$ , (5)
$\varphi\leqq v_{\rho}$ in $\partial(B_{1}\backslash \overline{B}_{\frac{1}{2}})$ , ,
$\varphi\leqq v_{\rho}$ in $B_{1}(0)\backslash \overline{B}_{\frac{1}{2}}(0)$
30
, $z_{0}\in A$ , $\rho=|z_{0}|$ { ,
$\frac{1}{\rho}v(0)=v_{\rho}(0)=|D\varphi(z_{0})|\leqq|Dv_{\rho}(z_{0})|=|Dv(z_{0})|\leqq C_{3}$
, , $z_{0}\in A$ , $A$
.
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